Gravitational collapse singularities are undesirable, yet inevitable to a large extent in General Relativity. When matter satisfying null energy condition (NEC) collapses to the extent a closed trapped surface is formed, a singularity is inevitable according to Penrose's singularity theorem. Since positive mass vacuum solutions are generally black holes with trapped surfaces inside the event horizon, matter cannot collapse to an arbitrarily small size without generating a singularity. However, in modified theories of gravity where positive mass vacuum solutions are naked singularities with no trapped surfaces, it is reasonable to expect that matter can collapse to an arbitrarily small size without generating a singularity. Here we examine this possibility in the context of a modified theory of gravity with torsion in an extra dimension. We study singularity-free static shell solutions to evaluate the validity of NEC on the shell. We find that with sufficiently high pressure, matter can be collapsed to arbitrarily small size without violating NEC and without producing a singularity.
Gravitational collapse singularities are undesirable, yet inevitable to a large extent in General Relativity. When matter satisfying null energy condition (NEC) collapses to the extent a closed trapped surface is formed, a singularity is inevitable according to Penrose's singularity theorem. Since positive mass vacuum solutions are generally black holes with trapped surfaces inside the event horizon, matter cannot collapse to an arbitrarily small size without generating a singularity. However, in modified theories of gravity where positive mass vacuum solutions are naked singularities with no trapped surfaces, it is reasonable to expect that matter can collapse to an arbitrarily small size without generating a singularity. Here we examine this possibility in the context of a modified theory of gravity with torsion in an extra dimension. We study singularity-free static shell solutions to evaluate the validity of NEC on the shell. We find that with sufficiently high pressure, matter can be collapsed to arbitrarily small size without violating NEC and without producing a singularity.
I. INTRODUCTION
How small can a massive object gravitationally collapse without producing a singularity, while still satisfying the Null Energy Condition (NEC)? In the context of General Relativity (GR) the answer is quite clear. In the spherically symmetric case, the vacuum outside the matter distribution is described by the Schwarzschild metric; and once the matter collapses to a size smaller than the Schwarzschild radius, trapped surfaces will form forcing even light rays to fall towards the center creating a black hole. Unlike the Schwarzschild black hole, electrically charged (Reisner-Nordstorm, RN) black holes have a time-like singularity and the region surrounding the singularity is free of trapped surfaces, although there exists closed trapped surfaces farther away from the singularity. So, one could naively expect that an arbitrarily compact static matter distribution can give rise to a charged black hole-like external geometry. However, according to Penrose's singularity theorem, if the matter obeys null energy condition (NEC), then the mere existence of a closed trapped surface would lead to a singularity [1, 2] . Hence a RN exterior cannot be produced by an arbitrarily compact singularity-free matter distribution without violating NEC.
Although cosmic censorship hypothesis proposes, for philosophical reasons, that any singularity should be shielded by trapped surfaces and event horizon [3] , it is in principle possible to produce naked singularities in gravitational collapse [4, 5] in GR. Exact solutions with naked singularities can be realized in GR by simply introducing massless scalar charge, given by the JNW metric [6] . There are distinct observational differences in gravitational lensing phenomena that can distinguish such solutions from the black hole solutions [7] ; hence theoretically exploring such solutions is very important.
Any theory of gravity that leads to positive mass naked singularity solutions can be expected to accommodate arbitrarily compact singularity-free matter distribution satisfying NEC. In this paper, we focus on one such theory that minimally modifies GR by introducing torsion in an extra dimension so as to hide the extra dimension from the visible dimensions [8] , abbreviated in this paper as THED -T orsion to H ide E xtra Dimension. Here we restrict our focus on the mere existence of singularity-free solutions; so we do not study a detailed gravitational collapse, rather we focus on static shells with surface density and pressure satisfying the NEC. Although NEC is the weakest of the energy conditions, it appears to be the only energy condition in agreement with known macroscopic matter and energy sources in the universe. Any stronger energy condition seems to be violated at high energies or due to quantum effects. For a comprehensive review of the energy conditions, see [9] . Here we shall take the reasonable stance that if NEC satisfying matter can be compressed to arbitrarily small size without creating trapped surfaces, then collapse singularities can potentially be completely avoided in that theory gravity.
The standard view these days is that quantum gravity effects will prevent the formation of singularity inside black holes. From a string theory perspective, it has been proposed that stable states of intersecting brane configurations can give rise to singularity-free quantumfuzzball solutions [10] . Horizonless solutions that appear as black holes at large distances can be constructed from a variety of brane configurations [11] [12] [13] [14] . However, here we shall just consider gravity at the classical level and examine the possibility of arbitrarily compact horizonless singularity-free solutions.
In section 2, we start with a brief review of THED gravity explaining how the field equations are modified from the GR field equations. In section 3, we analyze the properties of positive mass naked singularity solutions obtained from THED. In section 4, we apply Israel's junction conditions [15] to derive the surface density and pressure on a static shells. In section 5, we numerically evaluate the validity of NEC on compact shells, and compare the solution from THED gravity to that of RN and JNW geometries. Finally, in section 6, we discuss some implications of THED gravity in generally avoiding gravitational singularities.
II. REVIEWING T HED GRAVITY
Torsion has been the natural mathematical ingredient needed to formalize the gravitational effects of matter with spin [16] , and it plays an essential role in deriving Palatini theories of gravity [17] . It has been argued that the effects of torsion could be strong enough to even avoid big bang singularity in the early universe leading to a singularity-free bounce cosmology [18] and bubble universes within black holes [19] . In contrast to other theories with torsion, in THED gravity torsion plays a purely algebraic role. It is not dynamically independent and it does not couple to the spin of matter, rather it is completely determined in terms of the metric to ensure that the extra dimension remains hidden. In this section, we briefly summarize the formulation of this theory, but see [8, 20] for details.
We start by visualizing the 5D space-time as foliated by 4D hypersurfaces (with coordinates x µ ) along the fifth dimension x 5 , with metric
The metric is expressed in the above form for convenience because it turns out that once we impose the constraints in this theory, the 4D components g µν play an identical role as the metric tensor in torsion-free GR at a kinematical level. Moreover, note that g µν is exactly the induced metric on the hypersurfaces when g µ5 = 0.
The connectionΓ · for this geometry is prescribed to ensure that any motion along the fifth dimension is unobservable and its 4D components are chosen to be torsionless as in GR. This is achieved by imposing the algebraic constraintsΓ
By analyzing the geodesic equations, note that any motion along the fifth dimension does not affect the 4D components of the geodesic equations. These constraints along with the metricity condition completely determine all the components of torsion in terms of the metric.
Remarkably, this theory is indistinguishable from GR at a kinematic level. First, the 4D metric on the hypersurfaces, g µν , is independent of x 5 , making all the hypersurfaces identical; this can be viewed as a consequence of imposing the fifth dimension to be hidden. Second, the components of the connection and the curvature tensor that are tangential to any hypersurface are identical to those in GR with metric g µν . In effect, the terms contributed by the torsion exactly cancel off the terms contributed by the effect of the extradimension in evaluating the 4D components of connection and curvature. Hence, hiding the extra dimension by requiring any motion along that dimension to not have any effect on the observable 4D motion, leads to a theory where the kinematic equations are identical to those in GR. Moreover, this formalism does not require us to explicitly choose a topology for the extra dimension-it could be either a compact dimension or a large unbounded dimension.
Since torsion is completely metric dependent in this framework, the field equations are derived by varying the action only with respect to the metric, and they take the form,
Here G µ ν is the standard Einstein tensor constructed from the 4D metric g µν as in GR, and R µν and R are the torsion-free 4D Ricci tensor and Ricci scalar respectively constructed from the 4D metric g µν as in GR. The additional term H µ ν takes the form
where J µ ≡ Φ −1 ∂ µ Φ, is a 4 vector whose indices are raised and lowered with the 4D metric g µν and its inverse. Similarly, the covariant derivative, ∇ ν , is defined as in GR with Christoffel connection expressed in terms of the 4D metric g µν . Note that the 4D components of the field equations only involve the 4D metric components g µν and the scalar function Φ (which is simply g 55 ), while the metric components g µ5 have completely decoupled out. Particularly, g µ5 = 0 and Σ 5 ν = 0 are always consistent solutions to the field equations. Since only the 4D metric components g µν and the 4D components of stress tensor Σ µ ν are relevant for physical observations, eq. 2 is sufficient to solve for all the physical degrees of freedom including Φ. The unobservable extra dimensional stress tensor component Σ can be defined to be R/2 consistent with the field equations. Clearly, this theory reduces to GR when J µ vanishes. In GR, the Bianchi identity automatically implies the conservation of stress tensor, which is not true here because of the presence of the term H 1 In the original derivation of eq. 2 presented in [8] , the sign convention adopted to define the curvature and the Einstein tensor is different.
III. STATIC SPHERICAL VACUUM SOLUTIONS
To study the dynamics of a spherically symmetric collapse in THED gravity, we need to solve the set of messy equations given in appendix-A derived from eq. 2 with appropriate initial conditions. However the focus here is merely on the existence of compact non-singular solutions, particularly static spherically symmetric shells with a vacuum exterior. Let's express the static spherically symmetric 4D metric g µν in the spherical polar form with coordinates (t, r, θ, φ) as
In accordance with spherical symmetry, the metric component of the 5th dimension Φ (see eq. 1) should only depend on r, and therefore J r can be the only non vanishing component of J µ (see eq. 3). We start with the vacuum solutions (Σ µ ν = 0) which are asymptotically flat with boundary conditions A(r) → 1, B(r) → 1 and Φ(r) → 1 as r → ∞. Taking g µ5 = 0, the 4D part of the field equations (eq. 2) can be solved to obtain
where f (r) ≡ r.J r and c is a free parameter that can range from −∞ to +∞. Here ( ) corresponds to a derivative w.r.t. r. The function Φ(r) is expressible in terms of A(r) by
. A detailed derivation of eq. 5 is given in [8] . Since B(r) → 1 as r → ∞, note that f (r) → 0 such that f (r) ∝ 1/r. The form of eq. 5 immediately reveals that the variable r can be linearly scaled to leave the equations forminvariant. This scaling degree of freedom is similar to that in the Schwarzschild solution (with A(r) = 1/B(r) = 1 − 2M/r), where linearly scaling r in the functions A(r) and B(r), simply amounts to linearly scaling the mass M . However, in this case the mass of the geometry depends not just on the scaling of r, but also on the parameter c. By evaluating the gravitational acceleration at large r, we can arrive at a simple definition for the mass of this geometry to be
In any static spherically symmetric geometry given by eq. 4, the radial acceleration of a static test particle at a radial coordinate r, as observed by a locally inertial observer is (see appendix-B)
Clearly we require A(r) and B(r) to be positive, else the particle will be in a trapped region where it cannot be static. At large r, we expect this acceleration to be M/r 2 (Newtonian limit); thus the definition of mass in eq. 6 is a straightforward deduction from eqs. 5 and 7.
The parameter c does not have an explicit physical interpretation as it simply determines the gradient of the function f (r) which is unobservable. The parameter c determines how fast the scalar Φ asymptotes up or down to 1 for a given mass M . It is also worthy to note that the Schwarzschild solution does not belong to the class of solutions categorized by c, as the derivation of eq. 5 assumes that f (r) is nonzero everywhere [8] .
Categorizing the solutions
Other than the simple cases with c = 0 or -1, we cannot obtain an analytic expression for A(r), B(r) and f (r) from eq. 5. To facilitate numerical computations of these functions, let's define z ≡ 1/r, so that the boundary conditions at r = ∞ is accessible at z = 0. Further, with a redefinition X ≡ 1/rf , and treating X as a function of z, i.e X(z) = z/f (1/z), we obtain from eq. 5,
with the boundary condition that X(z = 0) = c/M . Once X(z) is numerically computed, f (r) is automatically obtained, and from eq. 5 we obtain B(r) straightforwardly, and A(r) is obtained to be
Special case c = −1
When c = −1, it turns out that
Special case c = 0
When c = 0, we necessarily have M = 0, and hence the boundary condition needed to solve eq. 8 (X(z = 0) = c/M ) is meaningless. However, the equation can be solved by introducing an arbitrary constant α, to obtain
Notice that for positive α, B(r) diverges at r = 2/ √ α, while it is well behaved for negative α. Since our interest is in the positive mass (M > 0) scenario, the case of c = 0 is not of further interest here. The radial acceleration at r o given by (see eq. 7) is however finite with a(r o ) = √ c/r o ; hence we might expect r = r o to be a coordinate singularity, and that the solution could be extended to the region r < r o . However, it is impossible to self consistently extend the solution for X(z) beyond z = z o , from eq. 8 without introducing an arbitrary discontinuity in X(z) at z = z o , which would then render the boundary conditions at infinity defining the mass M meaningless. Moreover, since A(r o ) = 0, we also have Φ(r o ) = 0, making the size of the extra dimension vanish at r o . The fact that r o is larger than the Schwarzschild radius (2M ) implies that it is not possible to construct a compact shell of a
that is A(r = 0) = B(r = 0) = 0. However, the gravitational acceleration (eq. 7) diverges at r = 0, indicating a singularity. This can be verified by evaluating other scalar quantities derived from the curvature; for instance R µν R µν diverges at r = 0. Since A(r) and B(r) are always positive, there are no trapped surfaces in this geometry and there is no event horizon to censor the singularity. Thus the singularity at r = 0 is a naked singularity [8] .
To understand why we obtain naked singularity solutions as opposed to black hole solutions, note that the vacuum field equations (eq. 2 with Σ µ ν = 0) are exactly the GR field equations with H µ ν treated as an effective stress tensor induced from the extra dimensional interaction. From eq. 3 and eq. 5, the components of H µ ν can be computed to be
This effective stress tensor violates the null energy condition (NEC), namely N ≡ H µ ν U ν U µ is not always nonnegative for any null vector field U µ . The diagonal form of the metric (eq. 4) and the requirement that U µ U µ = 0 leads to
Notice that since c and f (r) are both negative, H is positive for all r. To evaluate if N becomes negative for any value of x and y, we shall consider the extreme case with x = 0 and y = 1 to obtain N = (f (r) − cf 2 (r))/r 2 B(r). Since f (r) is negative and falls-off to zero as 1/r for large r, note that N will always become negative beyond some value of r. The exact value of r beyond which N becomes negative depends on c, and it should be computed numerically after solving eq. 8. It turns out that for all −1 < c < 0, N is negative for all r. While for larger negative values of c, the point beyond which N becomes negative moves away from r = 0 towards r = 3M . Intriguingly, for c < −1, the effective stress tensor H µ ν does not violate NEC in the immediate neighborhood of r=0, and in some sense the solution with c = −1 is the limit where the effective stress tensor violates NEC everywhere.
However, since H µ ν is not the stress tensor of the observable matter, N being negative does not bear any implication to the energy conditions satisfied by the matter. The absence of trapped surfaces gives rise to a possibility that with sufficiently large pressure, matter can be compressed to arbitrarily small size, without forming a singularity while still satisfying NEC. This is in stark contrast with GR where matter cannot be compressed beyond its Schwarzschild radius without generating a singularity. In the reminder of the paper, we shall explore this possibility by constructing static shell solutions.
IV. JUNCTION CONDITIONS FOR A STATIC SPHERICAL SHELL
In this section we obtain simplified expressions for the energy density and pressure on a static spherically symmetric shell whose interior is flat and the exterior is given by the vacuum solutions described in the previous section. We first apply Israel's junction conditions [15] on a static spherical shell in plain GR with external metric described by eq. 4,
and then derive the modifications introduced by the effect of extra dimension through the term H µ ν in the field equations (eq. 2). For clarity, we shall closely follow the procedure and notations used in [21] in applying the junction conditions.
The first junction condition emphasizes that there should exist a local coordinate system in which the metric is continuous across the shell so as to yield a consistent induced metric on the shell from either sides. To be general, let {x α } denote the 4D coordinate system, and {y a } denote the 3D coordinate system installed on the shell with induced metric h ab . The greek indices denote the 4D coordinates and the latin indices denote the 3D coordinates. In our static spherically symmetric situation, clearly a coordinate system y a = {T (t), θ, φ} can be installed on the shell from either sides of the shell. Let the shell exist at a radial coordinate r = R, with a surface density σ and surface pressure p.
Now consider a space-like geodesic congruence along the radially outward direction that orthogonally pierces the shell with n α as its tangent vector at the shell. Let be the affine parameter on these geodesics such that = 0 on the shell, < 0 in the interior and > 0 in the exterior. It is straightforward to see that the metric across the shell is continuous in the x α = {T (t), , θ, φ} coordinate system. Since n α is the unit normal to the shell surface, the extrinsic curvature of the shell is given by
Though the metric is continuous across the shell, its derivative is not continuous, and hence the extrinsic curvature will be discontinuous across the shell surface. Moreover, since the Ricci tensor (and the Einstein tensor) is constructed from the second derivative of the metric, it would have a delta function singularity on the shell. If we write the metric in the exterior as g + µν and the metric in the interior as g − µν , then the overall metric can be written as
where Θ(.) is the Heaviside function. Computing the Einstein tensor from this metric,
Here G ± µν is the Einstein tensor on either sides of the shell and S µν is the stress tensor on the shell. It turns out that S µν is tangential to the shell, i.e. S µν n ν = 0, and the non-vanishing components
Thus the surface stress tensor is given in terms of the difference in extrinsic curvature on either sides of the shell. The surface density and surface pressure on the shell are then
. We can straightforwardly apply this to the situation where the interior of the shell is flat, i.e. A(r) = B(r) = 1 for r < R, and the exterior is given by eq. 4 for arbitrary positive functions A(r) and B(r) for r > R. In the x α = {t, r, θ, φ} coordinate system, note that n α = {0, B(R), 0, 0}, and with the 3D coordinate system on the shell y a = {T (t), θ, φ}, note that T (t) = t A(R). Evaluating the extrinsic curvature on either sides of the shell from eq. 15 and applying eq. 18, it turns out that
A. Modified junction conditions
Let us now consider a thin shell of radius R in THED gravity with a flat interior, and an exterior given by solutions described in the previous section. Based on the modified field equations (eq. 2), we can derive the modified junction conditions to determine the surface density and surface pressure on the shell. Note from eq. 3 that H µ ν involves derivatives of J µ . Since J µ vanishes in the interior but does not vanish in the exterior, it is discontinuous across the shell. Hence there would exist a delta function singularity in H 
Since J r and n r are the only non vanishing components of J µ and n µ respectively, it turns out that the delta function contribution in H 
where f (R) and B(R) are the obtained from the vacuum exterior solution at the shell. Along with the delta function contribution from the Einstein tensor, this gives the total surface density and pressure.
V. EVALUATING NEC ON THE SHELL
Now we are equipped to evaluate if the NEC is valid on arbitrarily small shells producing a massive exterior geometry. For a given mass M of the exterior geometry, here we numerically evaluate the exterior metric and compute the surface density σ and pressure p of the shell. The NEC requires that σ + p ≥ 0. Since the vacuum solutions in THED with c < 0 do not have trapped surfaces close to the singularity, the shell can be placed arbitrarily close to r = 0. As a comparison, we shall also consider such possibilities within the context of GR. In the Schwarzschild solution, the singularity is surrounded by trapped surfaces. But in an electrically charged black hole given by Reisner-Nordstorm (RN) metric, there are no trapped surfaces in the immediate neighborhood of the singularity. Similarly, with scalar charge, the solution given by JNW metric exhibits a naked singularity with no trapped surfaces. Hence it is in principle possible to consider static shells arbitrarily close to r = 0 with RN or JNW exterior geometries. However it is worth noting that the exterior geometries of RN and JNW shells are not vacuum, but they will contain electric and scalar fields respectively.
For the RN geometry, the metric components are A(r) = 1/B(r) = (1 − 2M/r + Q 2 /r 2 ). There are trapped surfaces between the external horizon and the internal horizon located at r = M + M 2 − Q 2 and r = M − M 2 − Q 2 respectively. A singularity-free static shell constructed within the internal horizon must necessarily violate NEC because the exterior geometry will have trapped surfaces, else there will be a contradiction to the singularity theorem [1] .
The JNW metric [6] is written as
where ν = 2M/b and b = 2 M 2 + q 2 , and q is the scalar charge. The parameter ν can take values between 0 and 1. With q = 0, we have ν = 1, giving back the Schwarzschild solution. For any ν < 1, there is a naked singularity atr = b. However, when we convert to the geometric radial coordinate r fromr, we havẽ
and the singularity is indeed at the center r = 0. Implicitly evaluatingr as a function of r from the above equation, we obtain the metric components to be
which are always positive. Since there are no trapped surfaces, arbitrarily small shells can be considered with JNW exterior, and we can evaluate the NEC on the shells by computing σ and p from eq. 19.
In figure. 1, we numerically evaluate and plot σ, p, and σ + p as a function of the radius of the shell R. For comparison, in all cases the mass has been fixed to M = 10, and our focus is on compact shells with R smaller than the Schwarzschild radius (R < 2M ); for shells with RN exterior we focus on R smaller than the inner horizon. Fig. 1a shows the plots with exterior metric given by THED solutions for c = −0.5 and c = −1; fig. 1b shows the plots with exterior JNW metric for ν = 0.9 and ν = 0.1; fig. 1c shows the plots with exterior RN metric for Q = 5 and Q = 10 (the extremal black hole).
(i) For exterior geometry given by THED solutions, NEC is always satisfied for c ≤ −1 irrespective of how small the shell is. But for 0 > c > −1, the NEC is violated for small shells, as exemplified by the solid curve representing σ + p in the lower panel of fig. 1a . Although the NEC is always satisfied for c ≤ −1, the density σ is negative for small shells, implying that weak energy condition is violated. The case of c = −1 appears to be special because : no matter how small the shell is, it satisfies the NEC, while at the same time the extradimensionally induced stress tensor H µ ν violates the NEC everywhere (see eq. 13).
(ii) For exterior geometry given by JNW metric, when the charge q is large (ν is close to zero), NEC is violated for small shells, while NEC is satisfied for all shells when ν is larger.
(iii) For RN exterior geometry, NEC is always violated for shells inside the inner horizon, as expected from the singularity theorem. For shells outside the outer horizon (not shown in fig. 1c ), both density and pressure are positive, satisfying the NEC.
VI. DISCUSSION
In classical theories of gravity where massive vacuum solutions are naked singularities rather than black holes with event horizons that shield the singularity, gravitational collapse can in principle stop at a point where the pressure is very large and the matter is compressed to a super-compact state. The static shell solutions constructed here demonstrates this possibility. It is however important to not misconstrue fig. 1 as depicting how the surface density and pressure of a slowly collapsing shell would evolve as the size of the shell shrinks. The solutions constructed here are purely static and they just point to the possibility that a collapse could result in such compact non-singular solutions. To confirm that a spherically symmetric collapse would lead to a compact non-singular end state, the dynamical equations given in appendix-A has to be solved. The initial conditions of collapse would play a significant role in determining the value of c that describes the vacuum exterior geometry (given by eq. 5). Further investigations are needed in a dynamical set up to ensure that initial conditions with a fixed value of c (≤ −1) for the exterior geometry would remain that way as the collapse evolves.
Classical matter is generally expected to have positive energy density and pressure, consistent with our observations at moderate energy scales. Although classical scalar fields with non-minimal coupling to gravity can violate NEC under tailored conditions [22] , no observed matter has really shown this violation. It is well understood that quantum effects can lead to negative energy density (thus violating the weak energy condition), but it is not expected to violate the NEC; i.e., even if σ is negative, σ + p should be non-negative. The solutions to σ + p plotted in fig. 1a ,b (top panel) are examples illustrating NEC satisfying super compact matter distribution. By conventional definition, non-exotic matter essentially satisfies the NEC. Here we have simply demonstrated that in THED gravity, gravitational collapse singularities can potentially be avoided without availing any exotic matter.
Since THED gravity matches GR at a kinematic level, all the equations of motion of test particles will be identical to that in GR for a given 4D metric. So, in the weak field regime (any test within the solar system), it is unlikely to observationally distinguish THED gravity from GR. However in the strong field regime, the existence of the modification term H µ ν in the field equations (eq. 2) can play a significant role in the solution to the 4D metric. The existence of naked singularities or super-compact objects without trapped surfaces can lead to a very distinct signature in gravitational lensing phenomena. Such signatures have been calculated in the context of JNW naked singularities [7] . Similarly non-singular super compact objects in THED, that may appear as black holes from large distances, might show a distinct fingerprint in gravitational waves if two such objects were to merge. It is also noteworthy that cosmological singularity (big bang) can be avoided in THED gravity because it yields oscillatory solutions for the universe [8] (the term H µ ν dominates the field equations when the universe is very small). With detailed perturbation analysis of the cosmological solutions, we could potentially find fingerprints of THED in the cosmic microwave background.
I conclude by noting that modified semiclassical theories of gravity (like THED) have the potential to eradicate gravitational singularities without having to quantize gravity.
